We analyze the steady-state response of a functionally graded thick cylindrical shell subjected to thermal and mechanical loads. The functionally graded shell is simply supported at the edges and it is assumed to have an arbitrary variation of material properties in the radial direction. The three-dimensional steady-state heat conduction and thermoelasticity equations, simplified to the case of generalized plane strain deformations in the axial direction, are solved analytically. Suitable temperature and displacement functions that identically satisfy the boundary conditions at the simply supported edges are used to reduce the thermoelastic equilibrium equations to a set of coupled ordinary differential equations with variable coefficients, which are then solved by the power series method. In the present formulation, the cylindrical shell is assumed to be made of an orthotropic material, although the analytical solution is also valid for isotropic materials. Results are presented for two-constituent isotropic and fiber-reinforced functionally graded shells that have a smooth variation of material volume fractions, and/or in-plane fiber orientations, through the radial direction. The cylindrical shells are also analyzed using the Flü gge and the Donnell shell theories. Displacements and stresses from the shell theories are compared with the three-dimensional exact solution to delineate the effects of transverse shear deformation, shell thickness and angular span.
Introduction
Functionally graded materials (FGMs) are advanced composite materials that are engineered to have a smooth spatial variation of material properties. This is achieved by fabricating the composite material to 0020-7683/$ -see front matter Ó 2005 Elsevier Ltd. All rights reserved. doi:10.1016/j.ijsolstr.2005.03.079 have a gradual spatial variation of the constituent materialsÕ relative volume fractions and microstructure, thus tailoring its material composition based on functional performance requirements (Miyamoto et al., 1999) . FGMs offer great promise in applications where the operating conditions are severe, including spacecraft heat shields, heat exchanger tubes, plasma facings for fusion reactors, engine components, and high power electrical contacts or even magnets. For example, in a conventional thermal barrier coating for high temperature applications, a discrete layer of ceramic material is bonded to a metallic structure. However, the abrupt transition in material properties across the interface between distinct materials can cause large interlaminar stresses and lead to plastic deformation or cracking (Finot and Suresh, 1996) . These adverse effects can be alleviated by functionally grading the material to have a smooth spatial variation of material composition, with ceramic-rich material placed at the high temperature locations and metal-rich material in regions where mechanical properties, such as toughness, need to be high.
Numerous studies have been performed to analyze the response of functionally graded plates. For example, Reddy (2000) has analyzed the static behavior of functionally graded rectangular plates based on a third-order shear deformation plate theory. Cheng and Batra (2000) and Reddy and Cheng (2001) have used the method of asymptotic expansion to study the three-dimensional thermoelastic deformations of functionally graded elliptic and rectangular plates, respectively. Batra (2002, 2003a,b) have presented exact three-dimensional solutions for the steady-state and quasi-static transient thermoelastic response of functionally graded thick plates with an arbitrary variation of material properties in the thickness direction. and have obtained results for the steady-state and transient thermoelastic response of functionally graded plates using the meshless local Petrov-Galerkin method that compare well with the exact solution of Batra (2002, 2003a,b) .
Research on functionally graded cylindrical shells has been primarily focussed on the analysis of thermal buckling and vibration using shells theories (e.g., Shahsiah and Eslami, 2003; Loy et al., 1999) and finite element formulations. However, in order to validate the kinematic assumptions and assess the accuracy of various shell theories and finite element formulations, it is important to obtain exact solutions to the three-dimensional heat conduction and thermoelasticity equations. The objective of this investigation is to provide an exact solution for simply supported functionally graded cylindrical shells subjected to steady-state thermal and mechanical loads. The governing partial differential equations of heat conduction and linear thermoelasticity, simplified to the case of generalized plane strain deformations in the axial direction, are exactly satisfied at every point of the cylindrical shell using a semi-inverse solution. The boundary conditions at the simply supported edges, the thermal and mechanical boundary conditions on the inner and outer surfaces of the shell and the continuity conditions at the interfaces between layers are also exactly satisfied. We assume that the shell is made of an orthotropic material with material properties that are functions of the radial coordinate and specifically consider two-phase isotropic or fiber-reinforced functionally graded cylindrical shells that have a smooth variation of volume fractions and in-plane fiber orientations through the radial direction. The effective material properties of the isotropic FGMs are determined in terms of the local volume fractions and material properties of the two isotropic phases by the self-consistent scheme (Hill, 1965) . The effective material properties of the fiber-reinforced FGMs are estimated using the Composite Cylinder Assemblage model (Hashin, 1979) . Results are presented for (a) isotropic Al/SiC FGM shells and (b) fiber-reinforced W/Cu FGM shells. Displacements and stresses from the shell theories are compared with the analytical solution for different length-to-thickness, length-to-radius and through-thethickness variations of volume fractions and fiber orientations.
The paper is organized as follows. The coordinate system, three-dimensional equations of heat conduction and thermoelasticity, and boundary conditions are stated in Section 2. Exact solutions to the heat conduction and the generalized plane strain thermoelasticity problems are presented in Section 3. The Flü gge and Donnell shell theories are formulated in Section 4 and the homogenization of material properties is discussed in Section 5. The analytical and shell theory results are compared for representative isotropic and fiber-reinforced shells in Section 6.
Problem formulation
We describe the geometry of a functionally graded cylindrical shell using a global, cylindrical coordinate system, with coordinates h, x and r denoting the circumferential, axial and radial coordinate directions, respectively, as depicted in Fig. 1 . The shell is assumed to be of infinite extent in the axial direction and composed of N functionally graded orthotropic layers, with each layer having a smooth variation of material properties in the radial direction. In this coordinate system, the functionally graded shell occupies the region [0, H] · (À1, 1) · [r (0) , r (N) ], where the inner surface and the outer surface of the shell are denoted by r (0) and r (N) , respectively. A particular layer of the shell, denoted by the superscript (n), extends from r (nÀ1) to r (n) in the radial direction. In order to provide a more general shell solution that is also applicable to flat plates, we introduce a layerwise, local circumferential coordinate system with coordinate directions, s (n) , x (n) , and z (n) having the origin at the left edge (h = 0) of nth layerÕs midsurface as depicted in Fig. 1 . The local circumferential coordinate system is related to the global cylindrical coordinate system through the transformations
where s (n) and z (n) are the local arc length and local thickness coordinate, respectively, with respect to the midsurface of the nth lamina. The midsurface radius, R (n) , layer thickness, h (n) , and midsurface circumferential length, S (n) , of each layer are defined as
In the local circumferential coordinate system, the nth layer occupies a region in R 3 space denoted by [0, S (n) ] · (À1, 1) · [Àh (n) /2, h (n) /2]. Henceforth, we will drop the superscript (n) for convenience with the understanding that all material constants, geometric parameters and solution variables are for the nth layer unless the layer number is explicitly stated by a superscript. Assuming that internal heat sources and body forces are absent, the three-dimensional steady-state heat conduction equation, expressed in terms of the local coordinates, is Fig. 1 . Graphical depiction of a multilayer FGM cylindrical shell of infinite axial extent.
where q r , q s and q x are the components of the heat flux vector. The corresponding three-dimensional mechanical equilibrium equations, are
where r rr , r ss , r xx , r rs , r rx and r sx are the components of the Cauchy stress tensor in a circumferential coordinate system. It is assumed that each layer of the functionally graded shell is made of a cylindrically orthotropic fiberreinforced materials with principal material direction oriented at an angle / to e s on the cylindrical surface containing the base vectors e x and e s . It is noted that the analytical solution presented here also applies to functionally graded isotropic shells. FourierÕs law of heat conduction, which relates the heat flux to the temperature gradient, is ;
where T is the change in temperature of a material particle from that in the stress-free reference configuration and j ij are the thermal conductivities. 
where C ij are the elastic stiffnesses, e ss , e xx , e rr , e rx , e rs and e sx are the components of the infinitesimal strain tensor in a cylindrical coordinate system and b ij are the stress moduli that are related to the thermal expansion coefficients a ij as follows: 
Since the shell is graded in the radial direction, the material properties j ij , C ij and a ij are functions of the radial coordinate, r. Employing our circumferential coordinate system, the infinitesimal strain tensor is related to the displacements as follows:
We note that since the shell is viewed as a three-dimensional body, it is necessary to prescribe either a displacement or traction component in each coordinate direction at every point on the boundary. We assume that the shell is simply supported and maintained at the constant ambient reference temperature at the edges and prescribe the following mixed boundary conditions:
Additional mechanical boundary conditions are imposed at the inner and outer surfaces of the shell by prescribing either displacement or corresponding traction components, u r or r rr , u s or r sr , and u x or r xr , which are assumed to be independent of the axial coordinate. Although it is possible to prescribe the displacements, it is customary to prescribe only tractions on the inner and outer surfaces of the shell. Since the applied loads can be expanded as Fourier series, it is sufficient to solve the problem of a shell subjected to the following sinusoidal loads:
where the superscripts (1) and (N) denote the layer numbers, k is a positive integer that specifies the harmonic of the sinusoidal distributed load and constants p À r ; p À s ; p À x and p þ r ; p þ s ; p þ x specify the corresponding amplitudes on the inner and outer surfaces, respectively. Similarly, the thermal boundary conditions on these surfaces are specified as
where v À and v + are prescribed constants, and various thermal boundary conditions, corresponding to either prescribed temperatures or heat fluxes or exposure to ambient temperature through boundary convection, are specified by appropriately choosing the constants # À , n À , # + and n + . The functionally graded layers are assumed to be in ideal thermal contact and perfectly bonded together and the following thermal and mechanical continuity conditions are assumed at the interfaces r = r (n) for n = 1,. . . , N À 1, (Nowinski, 1978; Hyer and Rousseau, 1987) 
where [[g]] denotes the jump in the value of g across the interface. The steady-state formulation leads to a one way coupling of the governing equations. Specifically, the temperature field affects the mechanical response of the shell, but the mechanical response has no influence on the temperature field. First, the temperature field is obtained by solving the heat conduction equations (3), (5) with the pertinent boundary conditions (9), (11) and the continuity conditions (12) at the interfaces. Subsequently, the displacements are obtained by solving for shell equilibrium, (4), through the constitutive equations (6), the pertinent boundary conditions (9), (10) and the continuity conditions (12) at the interfaces. We assume that material properties of each layer of the functionally graded shell are analytic functions of the radial coordinate z, and, thus, can be represented by a Taylor series expansion about its midsurface as
This assumption, however, is not a significant limitation on the applicability of the analytical solution.
Functionally graded shells that exhibit discontinuous or non-smooth material properties at a finite number of radial locations, can be analyzed by introducing fictitious interfaces at those locations. Thus, the formulation enables us to analyze shells with abrupt changes in volume fractions of the constituent phases and/or discontinuous material microstructure in the radial direction.
Analytical solution
Since the applied loads and material properties are independent of x and the body is of infinite extent in the axial direction, we postulate that the temperature change, T, and displacement vector, u, are functions of r and s only. Thus, deformations of the functionally graded shell correspond to a generalized plane strain state of deformation. It is noted that due to the generalized plane strain assumption, the out of plane displacements u x = u x (s, z) in the axial direction may be non-zero, as may be the case for orthotropic layers with principal material directions oriented at an angle to the geometric axes.
Temperature field
We seek a semi-inverse solution to the heat conduction problem by assuming the following form for the temperature field
where p = kp/S. The assumed form of the temperature field identically satisfies the homogeneous boundary conditions (9) for the temperature at the edges. Substitution for T from (14) into (5) yields the components of the heat flux vector, q r ¼ Àj 33 g 0 sin ps;
where a prime denotes derivative with respect to z. Substitution of (15) into (3) and requiring that the resulting equation hold for arbitrary s, results in the following second-order ordinary differential equation with variable coefficients j 33 g 00 þ j 0
We assume a solution for g(z) in the form of a power series
Furthermore, we utilize the following Taylor series expansions to facilitate the solution process
where the series coefficients are defined as
Substitution of (13), (17) and (18) into (16), multiplying the infinite series, appropriately shifting the index of summation, and equating each power of z to zero, results in the following recurrence relation
which has to hold true for every a = 0, 1, 2, . . . The recurrence relation (19) is evaluated successively for a = 0, 1, . . . to obtain the coefficients g (a+2) in terms of two constants, g (0) and g (1) . The power series coefficients g (k) are then inserted into (17) to obtain g(z), and hence the change in temperature T and heat flux q through (14) and (15), in terms of two constants, namely g (0) and g (1) . For an N-layer shell, the power series solution procedure results in 2N constants. The constants are determined by satisfying the thermal boundary conditions (11) on the top and bottom surfaces of the shell and the thermal continuity conditions (12) at each of the N À 1 interfaces. The resulting system of 2N linear algebraic equations for the 2N unknowns is readily solved to obtain g (0) and g (1) for each layer. The series coefficients g (b) , thus obtained, are reinserted into (17), (14) and (15) to yield the temperature and heat flux components for each layer.
Displacement field
With the temperature field established, we seek a semi-inverse solution for the displacement field by assuming that ½u s ; u x ¼ ½U s ðzÞ; U x ðzÞ cos ps; u r ¼ U r ðzÞ sin ps.
As in the case of the thermal solution, simply supported boundary conditions at the edges of a layer are identically satisfied by the assumed displacement field. We insert these assumed displacement forms into the strain-displacement relations (8) to obtain
The stress components, which are obtained from the strains (21) and the constitutive equations (6), are substituted into the equilibrium equations (4), to yield three coupled ordinary differential equations with variable coefficients
ð22Þ A solution to the system of ordinary differential equations (22) is obtained by assuming a power series rep-
The power series (23), the Taylor series expansions (13) and (18), and the previously computed power series solution for the temperature field (17), are substituted into the system of ordinary differential equations (22) to yield the following recurrence relations: 
U ðaÀbÀcÞ 
which have to hold true for every a = 0, 1, 2, . . . The recurrence relations (24) (23) to obtain U s (z), U x (z) and U r (z), and hence the components of the displacement field u s , u x and u r and strain field using (20) and (21) (23), (20), (21) and (6) to yield the displacements, strains and stresses corresponding to each layer.
Classical and shear deformable shell theories
In this section, we present a concise formulation of the Flü gge shell theory (Flü gge, 1973) by integrating the three-dimensional equilibrium equations (4) through the thickness of the shell. The resulting equilibrium equations for the shell are stated in terms of force and moment resultants. The kinematic assumptions, which are based on either the classical or the first-order shear deformation theories, are presented in unified form using tracers. The Donnell shallow (thin) shell theory is obtained from the Flü gge shell theory by assuming that the thickness of the shell is much smaller than the midsurface radius.
Flü gge shell theory
The Flügge shell theory is formulated by introducing a global circumferential coordinate system denoted by z, s and x, where z = 0 corresponds to the global shell midsurface. The circumferential and thickness coordinate are related to the cylindrical coordinates by s = Rh, z = r À R where R = (r (0) + r (N) )/2. The cylindrical shell occupies the region [0, S] · [L, ÀL] · [ÀH/2, H/2] as depicted in Fig. 2 , where S = RH and H = r (N) À r (0) . The force and moment resultant that act on a shell element are defined as the force and moments per unit per unit length of the shellÕs midsurface. The force and moment resultants, which are obtained by integrating the stresses acting on differential area elements of a shell element, have the following definitions
The equilibrium equations of the shell are systematically obtained by integrating the pointwise threedimensional equilibrium equations in the radial direction. Eq. (4) 1 is multiplied by (R + z)/R and integrated through the thickness of the shell
to yield the following shell equilibrium equation
where P r is the applied radial load per unit midsurface area due to the radial component of the tractions on the top and bottom surfaces
Similarly, (4) 2 and (4) 3 are multiplied by (R + z)/R and integrated through the thickness of the shell to yield
where P s and P x are the applied circumferential and axial shear load, respectively, per unit midsurface area due to the tractions on the top and bottom surfaces
Graphical depiction of a finite length monolayer FGM cylindrical shell including stress and moment resultants as required by shell theory.
Multiplication of (4) 2 and (4) 3 by z(R + z)/R and integration through the thickness of the shell results in the following shell equilibrium equations
where T s and T x are the applied moment per unit midsurface area due to the circumferential and axial components, respectively, of the tractions on the top and bottom surfaces
The displacement field for the classical and shear deformable shell theories are written in unified form using tracers as 
The tracer c s = 0 for the classical deformation theory (CDT), wherein the transverse shear strains are zero. The first-order shear deformation theory (FSDT) is obtained by setting c s = 1. The quantities Àu s and u x in (37) are the rotations of the midsurface normals about the x and s-axis, respectively, for a shear deformable shell. In the classical deformation theory, due to the assumption of zero transverse shear deformation, the rotation of the normal is related to the slope of the midsurface after deformation. Therefore, the rotations of the midsurface normals in the classical deformation theory are Àu 0 s ðs; xÞ=R þ ou 0 r ðs; xÞ=os and ou 0 r ðs; xÞ=ox about the x and s-axis, respectively. Substitution of (36) into (8) yields the strains
The stresses are computed using the following plane-stress reduced constitutive relations (Reddy, 2003) : 
where Q ij are the reduced off-axis stiffness coefficients that can be computed from the three-dimensional elastic stiffnesses C ij (Reddy, 2003) . Following Reissner (1945) , we multiply the integrals for the transverse shear force Q x and Q s in (27) 3 by a constant K, known as the shear correction factor. In the present analysis, we set K ¼ 5=6; although this value was proposed by Reissner (1945) for a homogeneous plate or shell.
In the first-order shear deformation theory, the five shell equilibrium equations (28), (30), (31), (33) and (34) are necessary to obtain the five kinematic quantities u 0 s ðs; xÞ; u 0 x ðs; xÞ; u 0 r ðs; xÞ; u s (s, x) and u x (s, x). In the classical deformation theory, the transverse shear force resultants are eliminated by inserting Q x and Q s from (33) and (34) into (28) and (30) and (31). The resulting equilibrium equations are
Donnell shell theory
The Donnell shallow shell theory (Donnell, 1935) is based on the stipulation that the thickness of the shell, H, is very small compared to its radius of curvature R, i.e., H/R ( 1 and jz/Rj ( 1. The Donnell theory is obtained from the Flü gge by neglecting z/R in the force and moment resultant integrals (25)-(27) and in the kinematic assumptions for u s in the classical deformation theory obtained by the substitution of w s from (37) into (36). Similarly, H/2R in (29) and (32), and H 2 /4R in (35) are neglected. Furthermore, in the Donnell shell theory, the transverse shear force term Q s /R is assumed to be negligible compared to the other terms in (30). Consequently, the term ðoM s =os þ oM xs =ox þ T s Þ=R is neglected in the classical deformation equilibrium equation (40) 
Cylindrical bending
The shell equations are specialized to the problem of a shell of infinite extent in the axial direction by setting o(AE)/ox = 0. We seek a semi-inverse solution to the midsurface displacements and rotations by assuming that
where U s , U x , U r , U s and U x are constants. The strains and stresses corresponding to the assumed midsurface displacements and rotations (41) are obtained using (38) and (39). The force and moment resultants which are obtained using (25)-(27) are substituted into equilibrium equations (28)-(34) to yield 5 linear algebraic equations for the 5 constants U s , U x , U r , U s , U x for the first-order shear deformation theory. When the classical deformation theory is used, the force and moment resultants are substituted into (40) to obtain 3 linear algebraic equations for the 3 constants U s , U x and U r .
Estimation of effective moduli of two-phase composites
There are several homogenization methods for estimating the effective properties of isotropic two-phase functionally graded materials, including the self-consistent scheme by Hill (1965) . The self-consistent method draws its estimates through the solution of an elastic problem in which an ellipsoidal inclusion is embedded in a matrix possessing the effective material properties of the composite. The self-consistent scheme has been shown to perform well for intermediate volume fractions of realistic microstructures (Reiter et al., 1997) . The self-consistent formulas for the effective thermal conductivity, j, thermal expansion coefficient, a, YoungÕs modulus, E, PoissonÕs ratio, m, and density, q, are the same as those used earlier by . The effective properties of functionally graded fiber-reinforced composite materials are determined using the composite cylinders assemblage model, which is based on the simplifying assumption that the composite material is filled with an assemblage of cylindrical fibers embedded in a concentric cylindrical matrix of different diameters such that the cylinders completely fill the volume of the composite (Hashin, 1979) . The shear modulus G 23 is estimated using the upper bound obtained by Hashin (1979) .
Results and discussion
We present results for the analytical three-dimensional solution for the thermoelastic response of representative functionally graded shells. As stated in the problem formulation, the shells are of infinite extent in the axial direction and simply supported at the edges. We compare the predictions of Flü ggeÕs shell theory and DonnellÕs shell theory with the analytical solution for either continuous isotropic or orthotropic functional grading. We consider continuous volume fraction distributions of particulate or fiber-reinforcement, and, in the case the fiber-reinforced orthotropic shells, we also investigate continuous grading of fiber orientation through the shellÕs thickness. Results are provided at key locations for different geometric configurations and volume fraction variations. Tabulated analytical results are also presented at selected points for representative functionally graded cylindrical shells.
The isotropic functionally graded shells considered in the examples are assumed to be composed of aluminum and silicon carbide. We also study orthotropic functionally graded shells made of continuous tungsten reinforcement fibers in a copper matrix. These material combinations have found widespread use in high performance applications (Miracle, 2001) . The relevant material properties for the constituent materials are listed in Table 1 . We assume the material properties are independent of the temperature. Results are generated through the application of either a mechanical or temperature load on the top surface of the representative shell having non-zero components of the form, 
and all other traction components on the top and bottom surfaces of the shell are set to zero. The inner surface z = ÀH/2 is held at the ambient reference temperature. Since the analysis is based on linear The shell is partitioned into 20 layers in order to improve convergence. Fixed shell parameters are R = 1 m, thermoelasticity, results for combined thermomechanical loading may be determined through the superposition of results of separate analyses of thermal and mechanical loading cases. The analytical solution presented here is applicable for arbitrary variation of material composition through the thickness of the shell. However, for the representative shells considered in the examples, we assume the following specific power-law variation of the reinforcement volume fraction
where V À and V + , which have values that range from 0 to 1, denote the volume fractions on the inner and outer surfaces of the shell, respectively. The exponent n controls the volume fraction profile through the shellÕs thickness. have used a similar scheme to define the volume fraction distribution for a plate. For orthotropic shells, the fiber orientation / with respect to the s-axis in the s À x surface is also assumed to have a power-law variation, where / À and / + denote the fiber orientations on the inner and outer surfaces, respectively, and may typically range from 0°to 360°. The power m denotes the manner in which the orientation of the tungsten fibers varies through the shellÕs thickness. We consider the functionally graded shell as a single inhomogeneous isotropic layer and employ our analytical power series solution for the analysis of a variety of shell geometries. We choose the silicon carbide volume fractions on the inner and outer surfaces to be V À = 0.2, V + = 0.8 and a quadratic volume fraction profile in the radial direction with n = 2. We use the self-consistent scheme to estimate the spatially varying effective material properties (Hill, 1965) . As shown in Table 2 , a convergence study was conducted for the thermomechanical response of a very thick and deep shell having the above mentioned volume fraction distributions, S/H = 3, R = 1 m and H = 3p/4. The computed exact results for the temperature, the heat flux, the displacements and the stresses of a functionally graded shell as R ! 1 are identical to those presented by Vel and Batra (2003b) for a flat plate. In order to improve convergence and increase computational efficiency, the shell is divided into a total of 20 layers by the introduction of fictitious interfaces. The numerical results are shown in Table 2 for 2, 4, 6, 8, 10 and 12 series terms per layer in (17) and (23). It clearly demonstrates that the displacements, stresses, temperature and heat flux have converged to 7 significant digits Table 3 Tabular results for the mechanical response of Al/SiC isotropic FGM shells of varying geometry and volume fraction distribution using the self-consistent scheme Fixed shell parameters are R = 1 m, V þ SiC ¼ 0:8; V À SiC ¼ 0:2. Table 4 Tabular results for the thermal response of Al/SiC isotropic FGM shells of varying geometry and volume fraction distribution using the self-consistent scheme with 10 series terms per layer. All numerical results and plots shown henceforth are obtained using 20 fictitious layers and 10 series terms per layer. Fig. 3 depicts the stresses and displacements at specific points as a function of the shellÕs circumferential width-to-thickness ratio (S/H), due to the sinusoidally distributed pressure load (42) 1 . The angular span and midsurface radius are chosen to be H = p/2 and R = 1, respectively. The midsurface radial displacement u r ðS=2; 0Þ is accurately predicted by the Flü gge shell theory with FSDT. This is observed over the entire range of shell length to thickness ratios. As the shell becomes increasingly thick, Flü gge CDT tends to underestimate the displacements for length to thickness ratios less than 10. The radial displacement of the Donnell shell theory is offset by a constant value and presents significant error throughout the entire range of width-to-thickness ratios investigated, although the Donnell FSDT performs better than the Donnell CDT. The midsurface edge displacement in the lateral direction u s ð0; 0Þ follows identical trends. Flü ggeÕs shell theory accurately captures the circumferential normal stress r ss ðS=2; ÀH =2Þ over the entire range of length to thickness ratios for both CDT as well as FSDT. In general, Flü gge and Donnell FSDT underestimate the transverse shear stresses r sr ð0; 0Þ over the entire range of shell width-to-thickness ratios as demonstrated in Fig. 3(d) . The thermal deformation and stresses are shown in Fig. 4 as a function of the shellÕs circumferential width-to-thickness ratio when it is subjected to the temperature load (42) 2 . DonnellÕs shell theory is found to predict the displacementsû r andû s and circumferential normal stressr ss better than Flü ggeÕs shell theory. The transverse shear stress at the shellÕs midsurface,r sr ð0; 0Þ, which is predicted to be zero by the FSDT, exhibits serious discrepancy when compared to the analytical solution. However, it is noted that the magnitude of the transverse shear stressr sr is much smaller than the circumferential normal stressr ss .
The response of isotropic graded shells as a function of the angular extent is presented in Fig. 5 , where the shellÕs midsurface radius, R, the volume fraction power-law exponent, n, and width-to-thickness ratio, S/H, have fixed values of 1 m, 2 and 5, respectively. The neglect of shear deformation in the Flü gge CDT theory leads to slightly less accurate predictions of the midsurface displacements as detailed in Fig. 5(a) . The Flü gge FSDT theory demonstrates excellent correlation for the circumferential normal stress, r ss , over the entire range of shell opening angles as shown in Fig. 5(c) . The Donnell shell theory does not give accurate results for the radial displacement or circumferential normal stress for shells with angular extents greater than 0.5 radians. Results for the temperature loads in Fig. 5(d) -(f), indicate that DonnellÕs shell theory does better than Flü ggeÕs theory in predicting the thermal displacements and stresses.
The through-the-thickness variation of displacements and stresses are depicted in Fig. 6 for a moderately thick shell with angular extent of H = p/2, width-to-thickness ratio S/H = 5, midsurface radius R = 1 m and volume fraction profile defined by n = 2. It demonstrates that when the shell is subjected to a radial pressure load, the assumption of constant radial displacement through the thickness of the shell is valid. However, when the shell is subjected to a thermal load, the radial displacement is not constant due to Table 5 Convergence study for a W/Cu orthotropic fiber FGM shell, which is partitioned into 20 layers in order to improve convergence Number of series termsû r ðS=2; 0Þr ss ðS=2; ÀH =2Þr rr ðS=2; 0Þr sr ð0; 0ÞT ðS=2; 0Þq r ðS=2; H=4Þ thermal expansion in the radial direction. The through-the-thickness profiles of the transverse shear stress r sr (0, z/H) predicted by the Flü gge and Donnell FSDT theories are inaccurate. Tables 3 and 4 present tabular data for the exact solution for the thermomechanical response of an isotropic cylindrical shell where the material properties have been obtained through use of the self-consistent scheme (Hill, 1965) . Non-dimensionalized stress components, displacements, temperatures and heat flux are provided for mechanical and thermal cases for some common geometries.
Fiber-reinforced orthotropic functionally graded shells
The shell theories are compared to the analytical solution for orthotropic shells consisting of tungsten fibers in a copper matrix (W/Cu). The orientation of the tungsten fibers is chosen to be a smooth function of the shellÕs radial coordinate. The composite cylindrical assemblage model developed by Hashin (1979) is used to determine the spatially varying thermomechanical material properties, relative to the fiberÕs axial direction, as a function of the fiber volume fraction. Off-axis material properties in the global coordinate system are determined through appropriate tensor transformation of the principle material properties relative to the shellÕs circumferential direction, defined by the fiber orientation angle, /. The results of a convergence study are shown in Table 5 for the thermomechanical response of a thick orthotropic shell with the fiber orientation varying linearly (m = 1) from / À = 0°on the inner surface to / + = 180°on the outer surface. The fiber volume fraction is held constant at V W = 0.75 throughout, and the geometric parameters are chosen to be S/H = 3, R = 1 m and H = 3p/4. A convergence study is performed by dividing the shell into 20 fictitious layers through the thickness. As evinced by Table 5 , the temperature, heat flux, displacements, stresses have converged to 7 significant digits with 10 series terms per layer. Fig. 7 presents the results for mechanical and thermal loading of moderately deep W/Cu orthotropic shells having R = 1 m, H = p/2 and material properties that are symmetric about the midsurface, as a function of the circumferential length-to-thickness ratios. The fiber orientation is assumed to vary linearly (m = 1) in the radial direction from / À = 0°and / + = 180°and the fiber volume fraction is held constant at V W = 0.75 throughout. As observed previously for isotropic shells, Flü gge shell theory gives good results for mechanically applied surface loads, with the addition of shear deformation theory leading to the most accurate predictions of the midsurface radial displacements. However, the Donnell shell theory performs better for the thermal load. Through-the-thickness plots of the stresses for mechanical and thermal loads are shown in Fig. 8 . Tabulated thermoelastic results for the case of W/Cu fiber-reinforced graded shells are presented in Tables 6 and 7 for different geometries, fiber orientation profiles and volume fraction distributions.
Discretely laminated shells vs. continuous grading of fiber volume fraction and orientation
In this section, we characterize the response of orthotropic shells with continuous grading of fiber orientation and compare the results with conventional discretely laminated cylindrical shells. Specifically, we compare a graded shell with a linear variation of fiber orientation from / À = 0°and / + = 90°with 2-layer [0°/90°], 3-layer [0°/45°/90°] and 4-layer [0°/30°/60°/90°] discrete laminates. The through-the-thickness plots of the stresses for the four configurations are shown in Fig. 9 for a mechanical load. The circumferential non-dimensionalized normal stress for the graded fiber-reinforced shell is r ss ðS=2; ÀH =2Þ ¼ À23:454, which is larger than the values of À23.169 and À22.366 obtained for the 2-layer and 3-layer shells, respectively. The 4-layer [0°/30°/60°/90°] shell exhibits the smallest circumferential Table 7 Tabular results for the thermal response of W/Cu orthotropic FGM shells of varying geometry, volume fraction, and fiber orientation distributions 1.3592 · 10 À3 1.6250 · 10 À3 2.7723 · 10 À3 1.2739 · 10 À3 2.2031 · 10 À3 7.0054 · 10 À3
Fixed shell parameters are R = 1 m, V þ W ¼ 0:75; V À W ¼ 0;
normal stress r ss ðS=2; ÀH =2Þ ¼ À16:149. The shear stress r sx has a smooth variation through the thickness of the graded fiber-reinforced shell as depicted in Fig. 9(b) . The transverse shear stress r sr and transverse normal stress r rr are shown in Fig. 9 (c) and (d). Fig. 10 , which contains the through-the-thickness plots of the stresses for a temperature load (42) 2 , clearly illustrates the benefits of functionally graded fiber-reinforced shells. For the graded shell, the maximum circumferential stressr ss ¼ À11:827, which is much smaller than the maximum circumferential stresses ofr ss ¼ 25:048, 232.07 and À1252.1, for the 2-layer, 3-layer and 4-layer shells, respectively. Thus, the functionally graded shell exhibits a 52.7% reduction in the circumferential normal stress magnitude as compared to the [0°/90°] discrete laminated shell. The maximum values of the transverse shear and transverse normal stresses are ½r sr ;r rr ¼ ½0:6436; À0:2871; ½À1:3325; 0:77951; ½À96:111; 15:412 and [187.65,À68.871] for the FGM, 2-layer, 3-layer and 4-layer shells, respectively. The maximum shear stress for the graded shellr sx ¼ À5:8450, is larger than the value ofr sx ¼ 0 for a [0°/90°] shell, but smaller than the maximum shear stresses ofr sx ¼ 10:234 and À22.789 for the [0°/45°/90°] and [0°/30°/60°/90°] shells, respectively.
The effect of graded fiber volume fraction is considered next. Fig. 11 contains through-the-thickness plots of thermally induced stresses for shells having all of its fibers oriented at / = 0°, and geometry defined by S/H = 5, R = 1 m and H = p/2. The functionally graded shell has a linear variation starting at V W = 0 on the inner surface of the shell to V W = 0.75 on the outer surface. The results are compared with discretely volume fractions, respectively. The peak non-dimensionalized circumferential stress magnitude for the graded shell is 21.844, which is smaller than the values of 56.002, 37.236 and 28.702 for the 2-layer, 3-layer and 4-layer shells, respectively. Fig. 11 also demonstrates how the axial stress r xx , transverse shear stress r sr and transverse normal stress r rr components benefit from a gradual change in volume fraction from the shellÕs inner surface to its outer surface.
Concluding remarks
An analytical linear thermoelasticity solution has been obtained for functionally graded isotropic and orthotropic cylindrical shells that are subjected to steady-state thermal and mechanical loads. The material properties can have an arbitrary variation through the thickness of the shell. A semi-inverse solution is obtained for shells that are simply supported at the edges. The analytically obtained displacements and stresses are compared with those obtained using Flü gge and Donnell shell theories for representative isotropic functionally graded shells for a wide range of geometric parameters. We also investigate the advantages of using functionally graded fiber-reinforced composite shells with graded fiber orientations and/or fiber volume fractions over traditional discretely laminated composite shells. Results indicate that the most significant improvements are found in thermal applications due to the reduction in spatial mismatch of thermomechanical material properties. The functionally graded orthotropic shells exhibit smooth variations of both the in-plane and transverse stress components, thereby minimizing the likelihood of premature failure at an interface between adjoining lamina as in the case of discretely layered fiber-reinforced materials. The ability of the analytical solution to tackle cylindrical shells with arbitrary variations in material properties will enable the designer to tailor the fiber volume fraction and orientation through the thickness of the shell to increase the strength-to-weight ratio or stiffness-to-weight ratio of fiber-reinforced composite shells. 
